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An approximate method is given for calculating the magnetic field of 
a coil of circular cross section with continuous coil windings. 

At the p resen t  t ime much attention is being devoted 
to the study of e iec t romagne t i c  heating and drying of m a -  
te r ia Is  by i ndus t r i a l - f r equency  cu r ren t s .  Br ief ly  this 
new method of the rmal  p repara t ion  of m a t e r i a l s  con-  
s i s t s  in the following. The ma te r i a l ,  together  with 
fe r romagne t ic  e lements ,  is placed in the a l t e rna t ing  
e lec t romagnet ic  field of a coil ,  as a resu l t  of which 
heat is generated in the fe r romagne t ic  e lements  and 
is t r a n s f e r r e d  immedia te ly  to the ma te r i a l .  The mag-  
netie field s t rength  at different  points in spaee mus t  
be known to de te rmine  the heat sourees .  Exist ing 
formulas  for calcuIat ing magnet ic  f ields are  e i ther  
too complicated for  p rac t i ca l  use,  or  enable the field 
to be ealeulated only on the axis of the coil [1]. 

It is  thus n e c e s s a r y  to develop an approximate  
method for oaleulat ing the magnet ic  fields of coils  of 
var ious  t r a n s v e r s e  c ro s s  sec t ions ,  i . e . ,  one whieh is 
also convenient  for taking into aeeount magnet ic  m a -  
t e r i a l s  d is t r ibuted  inside the eoil.  

The p resen t  a r t i c le  cons iders  the s impIes t  ease in 
which the magnet ic  fieId is ealculated for a coil of 
c i r c u l a r  t r a n s v e r s e  c ros s  sect ion with continuous coil 
windings but with no magnet ic  ma te r i a l s  on the inside.  

It should be noted that this method is also sui table  
for making calcula t ions  for coils of other t r a n s v e r s e  
c ros s  sect ions  when magnet ic  ma t e r i a l s  are p resen t  
inside the coi ls ,  although the calculat ions  in this ease 
a re  much more  complieated.  

The mathemat ica l  p roblem is formula ted  in the 
following manne r .  

It is well known that the magnet ic  s ea l a r  potential  
~o sa t i s f ies  Lap lace ' s  equation at all points in space 
where there  is no e lec t r i c  cu r ren t :  

A9 = O, (1) 

where A is the Laplacian opera tor .  
The magnet ic  field s t rength  H is de te rmined  f rom 

the s c a l a r  potential  as follows: 

H = - -  grad % (2) 

In view of the angular  s y m m e t r y  of the p rob lem in 
our case (qo = ~o(r,z), 8qo/ad = 0), Eq. (1) is wr i t ten  in 
cy l indr ica l  coordinates  as 

1 0 r 0 ~ +  0~r = 0 .  (3) 
r Or Or Oz"- 

The problem in this case is  therefore  two-d imen-  
sional .  We now write the boundary condit ions for Eq. 
(3) (see the f igure).  

The condition of s y m m e t r y  re la t ive  to the z -ax i s  
(absence of the components  H r = -aqo/Or at points on 

the z-axis)  is wri t ten  as 

a~(r ,  z) = 0  (--  co < z < co). (4) 
Or r=O 

The following condition is also obvious: 

(r, z ) ,  . . . .  - *  0.  (5)  

It is well known that the normal  component of the 
magnetic  field s t rength  is  continuous when c ross ing  
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Diagram of the axial c ros s  sect ion 

of the coil .  

the cu r r en t  surface ,  and that the tangential  component 
is discontinuous by an amount equal to the number  A 
of a m p - t u r n s .  We thus write the condit ions at the s u r -  
face of the coil in the form 

I 0(Pi(r,  z) 0q)ii(r ,  z) J ~--~-0, (6) 

[ Orp[(r' z} Ocpu{r' OZ r=+~o = A  (7) 

( - -  l < z < l). 

Since the sca la r  magnet ic  potential  is a mult ivalued 
function, we must  impose one more  condition on the 
function q(r ,  z) i tself .  On complet ing a single c i rcu i t  
of a field l ine we have 

q01 (r, z)]~=+0--q01 (r, z)lz=-0 = 21A. (8) 

We seek a solution of Eq. (3) with the boundary 
conditions (4)-(8) by reducing it to o rd ina ry  d i f fer -  
ential  equations [2]. 

Since the problem is symme t r i c  it  is sufficient to 
find the solution in the f i r s t  quadrant  of the (z, r )p lane .  
The quadrant  is divided into four par ts  (see the figure), 
and the l ine dividing regions  II and II* has the equation 
R = z  - 7 ,  w h e r e 7  = l -  R0. 

Keeping the d is t r ibut ion  of the dipole magnetic  
fields in mind,  we find it convenient  to seek a solution 
of the problem in the form of polynomials  in some 
degree of the var iab le  r .  
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We rep resen t  the solutions in the appropriate  r e -  
gions in the form 

N [r  p 

N 
, ~ ( r 'i ~n 

= 

M 
R 2n+l  

~ii(,, z ) = 2  ~(z) ( ~ )  , 
n = l  

M (~ 
n = l  

We impose the r equ i remen t  that the express ion  
A~I(r, z) should be orthogonal with respect  to the 
functions r 2k-z (k = 1, 2 , . . . ,  N) with weight r over  the 
segment  (0,R0), and that the express ion  AglI(r,  z) 
should be orthogonal re la t ive  to the functions r -(2k+0 
(k = 1 , 2 , . . . ,  M - 1) with weight r a over  the segment  
(R0, oo). We thus obtain 

Ra 

.I hq~I (r, z)r~-ldr = 0 (k = I, 2 . . . . .  N), (10) 
0 

i A~ti(r, z)r-2(k-Odr= 0 
Ro 

( k=  l, 2 . . . . .  M - - l ) .  (11) 

Express ions  (10) and (11) give us a sys tem of (N + M - 1) 
o rd inary  second-o rde r  different ia l  equations for the 
(N + M + 1) unknown functions {an(Z) }, {bm(z) } (n = 
= 1 , 2 , . . . , N ;  m =  1 , 2 , . . . ,  M). The two equations 
which are  lacking may be obtained f rom the boundary 
condit ions (6) and (7). 

We wri te  this sys tem of equations in the explici t  form 

N ,2n,  a.(z, } 1 a: (z) -- 
n + k - I  ~0 ~ 

~ = 0  

(k = 1, 2 . . . . .  N), 

M 

Y,{ n+k_,' b:(z,+ bn(Z, o  }= 
n = l  

(k = I, 2 . . . . .  M 1), 
N M 

Z a:(z)--Z b;(z)= A, 
n = 0  n = l  

N M 

Z 2nan(z)+ ~ (2n+  l)bn(z) =0 .  
tl~O n ~ l  

(12) 

S imi lar  reasoning  for the functions {an(Z) } and 
{b~(z)} gives us a s i m i l a r  sys tem of equations:  

~.~o{ 1 4n a*~'(z) 
= ~ k  a*n'(z) n + k  R(z) 4- 

(2n) ~ 2n (2n+  1)1 a~(z) ) 
+ . + k - ~  ~ ~ J ~ / = ~  

(k = 1, 2 . . . . .  N), 

~___~{ 1 b*"(z)+ 2(2n+  l) bn'(Z) 
n + k - -  l n + k - -  1 --R (z--)- + 

n = l  

[ l ~ (2n+ l) ~ 2n(2n+ _)] b ; ( z ) t _  
+ ~ + k  b n + k + l J  R'(z) j - 0  

( k=  I, 2 . . . . .  M - - l ) ,  
N M 

E ~:'(~)-~ ~;'(z)=o, 
n=O n = l  

N M 

.g~ 2na~(z) + Z (2n + 1)b~(z) = 0. 
n = l  n = l  

(13) 

As usual  we seek a solut ion of the homogeneous 
sys tem (12) in the form 

an(Z) = %~exp (~" ~ o  ) , 

(n = 0, 1, 2 . . . . .  N; 

bm(z)=[~,,exp (~,-~o ) 

r e = l ,  2 . . . . .  M). 

The charac te r i s t i c  equation of sys t em (12) is a poly-  
nomial of degree N + M - 1 in ~2. Consequently, in 
the general  form this polynomial  has N + M - 1 roots 
of X z, or  2(N+ M - 1) roots of X, which occur  in pa i r s  
of +X. There  is  in addition one zero root. 

We cons ider  the case in Which all the roots +)q 
(i = 1 , 2 , . . . ,  N+ M - 1) a re  different.  It is  then pos-  
sible to write N + M - 1 pa r t i cu l a r  solutions of the 
homogeneous sys tem (12) in the form 

- -  a i sh ~ z z 
an--  " -~o' b m = ~ s h ) ~  R0 

( i =  1, 2, ..., N + M - - 1 ;  

n = 0 , 1 ,  2, ..., N; m =  1, 2, ..., M). (14) 

where (c~n~fl~m~ is the e igenvector  corresponding to 
the root X i. 

It is not difficult to see that the nonhomogeneous 
sys tem (12) may be sat isf ied if we take the express ion  
Az instead of the constant  ag (corresponding to the zero 
root). The general  solution of sys tem (12) may then 
be wri t ten as 

N 

Z z ao(z) = Az + ciaio sh ~.i ~ + 
i--! 

Nq-M--1 

+ -~ c i ~ s h ~  t?---~' 
i 1 

N N-{-M--1 

Z Z a,~(z)= cia~sh)~i ~ + cil3~sh;~i R~'  
i=1 i=N~-I 

N N~-M--I 

Z Z O,,,(z)-.~ c~a~sh;~ i ~ -~- c ~ s h ~ i  R~ 
i=1 i ~ N + l  

(n= 1, 2 .... , N; m =  1, 2 . . . .  , M). (15) 

Using E u l e r ' s  method we now look for pa r t i cu la r  solu-  
t ions of sys tem (13) in the form 

a;(z) = ~ :  (z - ,e) ~, b~(z) = ~ ( z - - , O  ~ 
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( n = 0 ,  1, 2, ..., N; r e = l ,  2, ..., M). (16) 

The  q u e s t i o n  of the b e h a v i o r  of the  roo t s  in the  
c h a r a c t e r i s t i c  equa t ion  of s y s t e m  (13) i s  in g e n e r a l  
f a i r l y  c o m p l i c a t e d .  We t h e r e f o r e  c o n s i d e r  the  c a s e  
in which  t h e r e  a r e  equal  n u m b e r s  of p o s i t i v e  and n e g a -  
t i ve  r o o t s .  All  the  p o s i t i v e  r o o t s  m u s t  be  r e j e c t e d  
s i nce  they  do not s a t i s f y  the  bounda ry  cond i t ion  (5). 
The  g e n e r a l  so lu t ion  of s y s t e m  (13) m a y  then  be w r i t -  
t en  in the  fo l lowing  f o r m ,  s i m i l a r  to e x p r e s s i o n  (15): 

N N+M--1 

f=l i=N+l 
N N+M-- 1 

c~ ~m (Z --  ~)a~ 
i=l i=N+I 

( n = O ,  1, 2, ..., N;  m =  1, 2 . . . . .  , M) .  (17) 

The  g e n e r a l  so lu t ion  of the p r o b l e m  is  ob ta ined  by 
i n s e r t i n g  e x p r e s s i o n s  (15) and (17) into f o r m u l a s  (9). 
We d e t e r m i n e  the  a r b i t r a r y  c o n s t a n t s  c i and ci* (i = 
= 1 ,2 ,  3 , . . . ,  N + M - 1) f r o m  the cond i t ions  f o r  jo in ing  
the  so lu t i ons  at the  b o u n d a r y  of the  r e g i o n s  w h e r e  
z = l. The cond i t i ons  f o r  jo in ing  the so lu t ions  at the 
b o u n d a r y  of  r e g i o n s  (I, II) and (I*, II*) a r e  ob ta ined  
f r o m  the  r e q u i r e m e n t  that  when the  L a p l a c e  o p e r a t o r  
i s  app l ied  to the  s o l u t i o n s ,  the r e s u l t s  should  s a t i s f y  
Eqs .  (10) and (11) c o n t i n u o u s l y  on p a s s i n g  th rough  
the bounda ry  of t h e s e  r e g i o n s .  F o r  th i s  p u r p o s e  we 
w r i t e  the  so lu t ion  at  any po in t  in r e g i o n  (I, I*) in the  
f o r m  

c~ (r,  z )  = 0 (z)  r z) + ( 1 - -  0 (z)) (p~ (r, z), 

w h e r e  

1, z < l ,  
0 ( z ) =  0, z > l .  

The second  d e r i v a t i v e  with r e s p e c t  to the  v a r i a b l e  z 

i s  then  w r i t t e n  as  

O~(r,  z) ~' (z - - l ) ( % - - , ~ )  + 
Oz 2 

+ 26 (z - -  l) (q~ - -  ~p;') + 0 - 3 ~  + ( 1 - -  O) -~-Z~-,  

w h e r e  6 and 5' deno te  the  D i r a c  de l t a  func t ion  and i t s  
d e r i v a t i v e .  

Tab le  1 

E i g e n v e c t o r s  fo r  the  Roo t s  of the C h a r a c t e r -  
i s t i c  Equa t ion  of S y s t e m  (12) 

Xi ao aa ~, ~, 

0 1 0 0 ] 0 
I 

• 2.8056 

• 

1 t --0.991895 

1 --0.109187 

--0.971633 0.979738 

2.11785 I --1.22703 

Since the  l a s t  two t e r m s  as  we l l  a s  the  r a d i a l  t e r m s  
of the  L a p l a c e  o p e r a t o r  s a t i s f y  Eq.  (10) at any po in t  

in  s p a c e ,  the  r e q u i r e m e n t  that  (10) should  be  s a t i s f i e d  
at bounda ry  po in t s  w h e r e  z = 1 l e ads  to the  fo l lowing  

Tab le  2 

E i g e n v e c t o r s  fo r  the  Two Nega t ive  Roots  of 
the C h a r a c t e r i s t i c  Equa t ion  of S y s t e m  (13) 

~ [ * . 
Zi at ~ t 

0 1 0 0 l 0 

--2.1261 1 --0.456001 0.903996 --0:359997 
I 

-4.7633 -0.907429 
I 

1 I --0.676004 0.768575 

s y s t e m s  of equa t ions  fo r  d e t e r m i n i n g  the c o n s t a n t s  c i 
and c~: 

i ~ (r, l ) - -  (r, /)]r ~ - l d r = O ,  [% 

R, 
f r, z ) - r  z)L=, 0 

(k = 1, 2 . . . . .  N). (18) 

We obta in  s i m i l a r  s y s t e m s  of equa t ions  f o r  the  
b o u n d a r y  of r e g i o n s  II and II*: 

i [r (r, 1) - -  q~;i (r, l)l r - 2 ( k -  ') dr  = O, 
R, 

i [ ~ i . z ( r ,  z ) - - c p ~ . z ( r ,  z ) l z = z r - 2 ( k - ' ) d r =  0 
Ro 

(k = l, 2 . . . . .  M -  l). (19) 

Thus ,  a s y s t e m  of 2 ( N +  M - 1) a l g e b r a i c  equa t ions  
i s  ob ta ined  to d e t e r m i n e  2(N + M - 1) a r b i t r a r y  c o n -  

. 
s t an t s  c i and c i . 

By way  of  an e x a m p l e ,  l e t  us  so lve  the p r o b l e m ,  
conf in ing  o u r s e l v e s  to the second  a p p r o x i m a t i o n  of the 
m e t h o d  d e s c r i b e d  above ,  i . e . ,  we se t  N = 1 and M = 2. 

In th is  c a s e  the c h a r a c t e r i s t i c  equa t ion  of s y s t e m  
(12) i s  

~(33)~ 4 -  275)~ ~ + 120) --- 0, 

which  has  the  roo t s  k 0 = 0, kl,2 = •  and ~ , 4  = 
= •  The  e i g e n v e c t o r s  fo r  each  of t h e s e  r o o t s  
a r e  g i v e n  in Tab l e  1. 

The c h a r a c t e r i s t i c  equa t ion  of s y s t e m  (13) h a s  the 
f o r m  

L(33~ 4 + 132L 3 -  302~ 2 - -823k  + 210) = 0. 

In addi t ion  to the  z e r o  roo t  th i s  equa t ion  has  two p o s i -  
t i ve  and two nega t i ve  r o o t s .  We a r e  not i n t e r e s t e d  in 
the  p o s i t i v e  r o o t s .  The  nega t i ve  r o o t s  a r e  k t = -2 .1261 ,  
and k2 = - 4 . 7 6 3 3 .  

The e i g e n v e c t o r s  c o r r e s p o n d i n g  to t h e s e  two roo t s  
a r e  g iven  in Tab l e  2. 

The v a l u e s  of the  c o n s t a n t s  c i  and ci* a r e  

cl -- - -  0.000886, c~ = - -  0.1233, 
c o =  I, c ; = - - 0 , 3 7 3 9 ,  c~=0.02843. 

f o r  the  c a s e  in which  l = 2R0, R0 = 1, A = 1. 



478 INZHENEHNO- FIZICHESKII  ZHURNAL 

In this  approx imat ion  the ca lcu la ted  f ie ld  s t reng th  on 
the axis  of the coi l  at the c e n t e r  (z = 0) is  equal to 
0.9137, and at the  edge of the coil  (z = l) it  i s  equal 
to 0.4862. The co r r e spond ing  va lues  found by solving 
the p r o b l e m  exac t ly  a r e  0.8945 and 0.4848. The ap-  
p r o x i m a t e  value  at the c e n t e r  of the coi l  is  h igher  by 
2%, and at the edge  by 0.37o. 
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